We propose a multiscalar singlet extension of the singlet-triplet Higgs model consistent with the low energy fermion flavor data. Our model is based on the ∆ (27) family symmetry, which is supplemented with the Z16 × Z24 discrete group. The observed hierarchy of the SM charged fermion masses and quark mixing angles arises from the breaking of the ∆ (27) × Z16 × Z24 discrete group, whereas the light active neutrino masses are generated from a type-II seesaw mechanism mediated by the neutral component of the SU (2)L scalar triplet. The model symmetries lead to the extended Gatto-Sartori-Tonin relations between the quark masses and mixing angles. * Electronic address: antonio.carcamo@usm.cl † Electronic address:
I. INTRODUCTION
Despite its great experimental success, the SM does not address several fundamental issues such as, for example, the number of fermion families and the observed pattern of fermion masses and mixing. While the mixing angles in the quark sector are very small, in the lepton sector two of the mixing angles are large, and one mixing angle is small. This suggests a different kind of New Physics in the neutrino sector in comparison with one in the quark sector. The Daya Bay [3] , T2K [4] , MINOS [5] , Double CHOOZ [6] and RENO [7] neutrino oscillation experiments, have brought clear evidence that at least two of the light active neutrinos have non-vanishing masses. These experiments have provided important constraints on the neutrino mass squared splittings and leptonic mixing parameters [8] . The SM does not explain the large hierarchy of fermion masses, which spreads over a range of about thirteen orders of magnitude, from the neutrino mass scale up to the top quark mass. This, the so-called, "flavor puzzle", which is not addressed by the SM, motivates the introduction of various SM extensions with larger scalar and/or fermion sectors and with extended gauge group, supplemented by discrete flavour symmetries in order to get fermion mass matrix textures that explain the observed pattern of fermion masses and mixings. The implemention of discrete flavor symmetries in several extensions of the SM has provided a nice description of the observed pattern of fermion masses and mixings (recent reviews on discrete flavor groups can be found in Refs. [9] [10] [11] [12] [13] [14] ). Several discrete groups have been employed in extensions of the SM, such as S 3 , A 4 , S 4 [76] [77] [78] [79] [80] [81] [82] [83] [84] [85] [86] [87] [88] [89] , D 4 [90] [91] [92] [93] [94] [95] [96] [97] [98] , Q 6 [99] [100] [101] [102] [103] [104] [105] [106] [107] [108] [109] , T 7 [110] [111] [112] [113] [114] [115] [116] [117] [118] [119] , T 13 [120] [121] [122] [123] , T [124] [125] [126] [127] [128] [129] [130] [131] [132] [133] [134] [135] [136] [137] [138] , ∆ (27) [139] [140] [141] [142] [143] [144] [145] [146] [147] [148] [149] [150] [151] [152] [153] [154] [155] [156] [157] [158] , ∆(54) [159] , ∆(96) [160] [161] [162] , ∆(6N 2 ) [163] [164] [165] , Σ(26 × 3) [166] , Σ(72 × 3) [167] and A 5 [168] [169] [170] [171] [172] [173] [174] [175] [176] [177] [178] have been considered to explain the observed pattern of fermion masses and mixings. Discrete flavor symmetries can arise from the underlying theory, e.g., string theory or compactification via orbifolding. In particular, from the heterotic orbifold models one can generate the D 4 and ∆ (54) flavor symmetries [179] [180] [181] [182] [183] . Furthermore, magnetized/intersecting D-brane models can generate the ∆ (27) flavor symmetry [179] [180] [181] [182] [183] . In this work we build an extension of the Higgs triplet model, where the SM gauge symmetry is supplemented by the ∆ (27) × Z 16 × Z 24 discrete group, providing a predictive framework consistent with the current low energy fermion flavor data. The SM charged fermion masses and quark mixing angles arise from the breaking of the ∆ (27)×Z 16 ×Z 24 discrete group, whereas the light active neutrino masses arises from a type-II seesaw mechanism mediated by the neutral component of the SU (2) L scalar triplet. In section II we introduce the model-setup. Section III is devoted to the implications of our model for the quark sector observables. Section IV deals with lepton masses and mixings. We conclude in section V. Appendix A provides a concise description of the ∆ (27) discrete group.
II. THE MODEL
We propose an extension of the singlet-triplet Higgs model where the full symmetry G exhibits the following spontaneous breaking:
We decompose the scalar fields around their VEVs as
q1L q2L q3L u1R u2R u3R d1R d2R d3R lL l1R l2R l3R ∆ (27) 10,2 10,2 10,0 10,0 12,2 10,0 10,1 12,0 10,0 3 
27) 10,0 10,0 10,1 12,1 10,0 11,0 11,0 11,1 3 3 10,0 12,0 The corresponding low energy scalar potential was studied in detail in Ref. [184] , where it was demonstrated that the Majoron η I resulting from the spontaneous breaking of the lepton number symmetry is given by the following linear combination
In order to be consistent with the invisible Z-decay and the precision electroweak measurements one requires v ∆ << v S and v ∆ << v = 246 GeV, respectively. We note that without S our model at low energies would reduce to the triplet Majoron model [185] , ruled out by the invisible Z-decay data. We assume the following VEV pattern for the ∆ (27) triplet SM singlet scalars ξ and ζ:
which is a natural solution of the scalar potential minimization equations for the whole region of parameter space, as shown in detail in Refs. [153] and [154] . With the above particle content, the following Yukawa terms arise:
where the dimensionless couplings are presumably O(1) parameters. Furthermore, as it will be shown in Sect. III, the quark assignments under the different group factors of our model will give rise to SM quark mass textures where the the Cabbibo mixing as well as the mixing in the 1-3 plane emerges from the down type quark sector, whereas the up type quark sector generates the quark mixing angle in the 2-3 plane. As indicated by the current low energy quark flavor data encoded in the standard parametrization of the quark mixing matrix, the complex phase responsible for CP violation in the quark sector is associated with the quark mixing angle in the 1-3 plane. Consequently, in order to reproduce the experimental values of quark mixing angles and CP violating phase, y
13 is required to be complex. Let us comment on the role of each discrete group factor of our model. We were searching for such discrete groups, which would allow us at minimal cost to reach viable textures for the fermion sector, consistent with the observed pattern of fermion masses and mixings. We found that ∆ (27) × Z 16 × Z 24 is a good candidate. The Z 16 and Z 24 symmetries give rise to the hierarchical structure of the charged fermion mass matrices that yields the observed charged fermion mass and quark mixing pattern. It is worth mentioning that the properties of the Z N groups imply that the Z 16 symmetry is the smallest cyclic symmetry that allows to build the Yukawa terms q 1L φu 1R
Λ 8 insertion on the q 1L φu 1R and q 1L φd 1R operators, crucial to get the required λ 8 suppression (where λ = 0.225 is one of the Wolfenstein parameters) in the 11 entry of the quark mass matrices needed to naturally explain the smallness of the up and down quark masses. It is noteworthy that the small value of the up and down quark masses naturally arises from the aforementioned quark Yukawa terms of dimension 12. We use the Z 24 discrete symmetry since it is the smallest cyclic symmetry that contains both the Z 6 and Z 8 symmetries that glue η 3 and τ 4 with d 3R , respectively, which is crucial for generating the right value for the bottom quark mass and for the quark mixing angle in the 1-3 plane, without tuning the corresponding Yukawa couplings. Besides that, as the hierarchy among charged fermion masses and quark mixing angles mass emerges from the breaking of the ∆ (27) × Z 16 × Z 24 discrete group, we set the VEVs of the SM singlet scalar fields σ, ρ, η, τ , χ 1 , χ 2 , ϕ 1 , ϕ 2 , ξ i , ζ i (i = 1, 2, 3) with respect to the Wolfenstein parameter λ = 0.225 and the model cutoff Λ, as follows:
It is straightforward to show that the aforementioned assumption is consistent with the minimization conditions of the scalar potential. To show that it is sufficient to consider the quartic scalar couplings of order unity and the mass coefficients of the quadratic mass terms of the same order of magnitude.
In the standard basis, the mass term is given by
where the mass matrices M d,u,l,ν are determined by the Yukawa couplings (7) and will be studied in what follows.
III. QUARK MASSES AND MIXINGS
From the quark Yukawa terms of Eq. (7) and the relation given by Eq. (8), we find that the SM quark mass matrices are:
where λ = 0.225 is one of the Wolfenstein parameters, v = 246 GeV the scale of electroweak symmetry breaking and a (U ) i (i = 1, 2, 3, 4) and a (D) j (j = 1, 2, 3, 4) are O(1) parameters. From the SM quark mass textures given above, it follows that the Cabbibo mixing as well as the mixing in the 1-3 plane emerges from the down type quark sector, whereas the up type quark sector generates the quark mixing angle in the 2-3 plane. Besides that, the low energy quark flavor data indicates that the CP violating phase in the quark sector is associated with the quark mixing angle in the 1-3 plane, as follows from the standard parametrization of the quark mixing matrix. Consequently, in order to get quark mixing angles and a CP violating phase consistent with the experimental data, we assume that all dimensionless parameters given in Eq. (10) are real, except for a (D) 5 , taken to be complex. Thus, the quark sector of our model has in total ten free parameters that allow us to reproduce the experimental values of the physical observables of the quark sector, i.e, the six quark masses, the three quark mixing angles and the CP violating phase, as it will be shown in the following. Assuming that the hierarchical structure of the quark mass matrices (10) is correctly taken into account by the powers of λ it is reasonable to expect that all the dimensionless parameters are a (U,D) i ∼ 1. As we will see, the values of these parameters obtained from a fit to the quark masses and mixing angles are compatible with this expectation. This observation, in particular, justifies the simplifying assumption a allowing analytical diagonalization of the quark mass matrices. We do not use this simplification in our numerical analysis, but adopt for studying some properties of our model more visible in analytical expressions. With the said simplified assumption we can write the quark mass matrices (10) in the form
with
These mass matrices can be diagonalized by the unitary matrices U u(L,R) and U d(L,R) such that
In order to find the CKM matrix defined as
we proceed in the standard way and consider the matricesM dM †
Explicitly, the real orthogonal matrix O d is given by
As seen from (15), there is a condition on the parameters
In the up quark sector, the left-handed matrix turns out to be a real orthogonal matrix
, and the condition m t > C U > m c to be satisfied. Then, we obtain the CKM mixing matrix (14) in the form
Note that this mixing matrix depends on four free parameter C U , C D , B D and α F D to be adjusted in order to reproduce the CKM matrix elements. However, as one can verify, the Cabbibo angle is obtained with the following values for the free parameters
These approximate relations, valid in our model, are in agreement with the well known extended Gatto-Sartori-Tonin relations [187] [188] [189] [190] [191] [192] [193] [194] [195] [196] [197] . After these notes on the analytical structure of our model we fit the experimental values for the physical quark mass spectrum [198, 199] , mixing angles and CP violating phase [186] with all the ten free parameters a i of the model. 
Naturally, ten free parameters fit perfectly ten observables, but what is important is that the absolute values of all the parameters are |a (A) i | ∼ 1. This means that the texture of the quark spectrum and mixing is reproduced by the symmetries of the model resulting in the particular texture of the quark mass matrices (10) without the need of manual introduction of a hierarchy in the free parameters a (A) i . We only mildly tune these parameters to perfectly reproduce the quark masses and mixing. The result of the fit in Eq. (20) suggests several simplified benchmark scenarios:
Best-fit values: a 
Best-fit values: a As seen from Tab. III the 5-and 4-parameter scenarios S-5 and S-4 fit perfectly the experimental data. Even the 2-parameter scenario S-2 does not contradict the data. In view of this fact it becomes tempting to think that the conditions (21), (22), (23), (24) , imposed as additional constraints, actually originate from some symmetry compatible with our model, but missed in the present study. We will address this possibility elsewhere.
IV. LEPTON MASSES AND MIXINGS
Analyzing the lepton sector of the model we adopt a simplifying benchmark scenario with particular assumption about the model parameters
where sin θ l ∼ O(λ). This scenario is compatible with the VEV hierarchy (8) and, as we will show, features a nice simple relation between the reactor mixing angle and the Wolfenstein parameter.
In what follows we limit ourselves to this scenario considering the relations (25) as additional constraints on our model parameter space. On the other hand it is possible that the relations (25) arise in our model framework as a consequence of some unrecognized symmetry or can be attributed to a particular ultraviolet completion of the model.
From the lepton Yukawa terms in Eq. (7) we find the charged lepton mass matrix M l defined in (9) . It can be written in the form
where the charged lepton masses are given by:
Here a (l) i (i = 1, 2, 3) are O(1) dimensionless parameters. In the standard basis (9) the charged lepton mass matrix is diagonalized with
. The neutrino mass matrix, derived from the Yukawa terms in Eq. (7), is given by:
where
and the neutrino masses given by
Considering the PMNS mixing matrix, defined as V = U † lL U ν , we find its matrix elements:
In the standard parametrization the PMNS matrix we have the generic relations
Examining Eqs. (34) and (35) we find a nice relation between the reactor and atmospheric angles:
which satisfies the experimental data in Tables IV,V within ∼ 1σ both for normal hierarchy (NH) and inverted hierarchy (IH). As seen from Eqs. (34) and (35) the model has only two free parameters θ l and θ ν to fit four neutrino sector observables: three angles θ 12 , θ 23 , θ 13 and the CP-violating phase δ CP . On the other hand, according to Eqs. (33) , (32) , there are three parameters a ν , b ν , c ν to fit two observables ∆m 2 21 and ∆m 2 31/13 , which means the model has no limitations on the neutrino mass squared differences. Any of their experimental values can be reproduced exactly. That is why in Tables IV,V we do not show model values for these two observables. Then we fit only the neutrino mixing angles θ ij and the CP-violating phase δ CP . The latter can be conveniently extracted from the neutrino mixing matrix (34) using the Jarlskog invariant
and its equivalent definition [213] in the standard parametrization J CP = 1 8 sin 2θ 12 sin 2θ 23 sin 2θ 13 cos θ 13 sin δ CP .
Comparing Eqs. (37) and (38) as well as taking into account (34) , (35) we find an expression for sin δ CP in terms of the model parameters θ l and θ ν . In Tables IV,V we show the best-fit values of the mixing angles sin 2 θ ij and the CP-violating phase δ CP corresponding to the model parameters Varying the angles θ ν , θ l within ∼ 1σ range of the experimental values of sin 2 θ ij we find that in the benchmark scenario (25) our model predicts 
for both the normal and inverted neutrino mass spectrum. The two Majorana phases, α and β, can be calculated through the invariants [209] [210] [211] [212] 
which in the standard parametrization of the PMNS matrix can be written in equivalent forms as follows:
I 1 = cos θ 12 sin θ 12 cos 2 θ 13 sin (α/2), I 2 = cos θ 12 sin θ 13 cos θ 13 sin (β/2 − δ CP ).
Comparing these two equivalent definitions and taking into account Eqs. (34), (35) and (39) we predict for the Majorana phases
for both the normal and inverted neutrino mass hierarchies. Another important observable, to be considered, is the effective Majorana neutrino mass parameter of neutrinoless double beta decay (0νββ) defined as:
In our model the mass parameter, m ee , depends on the two model parameters θ ν , θ l and lightest neutrino mass m 1 for the normal and m 3 for inverted hierarchy by virtue of 
In Figs. 1 we show the conventional plots for correlations between the effective Majorana neutrino mass parameter m ee and the lightest active neutrino mass for the normal (left plot) and inverted (right plot) neutrino mass hierarchies. The arrays of black points in these Figures were generated in our model by randomly variating the model parameters θ ν and θ l around their best-fit values (39) inside the 3σ experimental range of the mixing angles θ ij (see Tables IV,V) . The lightest active neutrino mass was randomly varied in the range 0 < m 1 < 0.2 eV for the normal and 0 < m 3 < 0.1 eV for the inverted neutrino mass hierarchy. As seen from Figs. 1 the effective Majorana neutrino mass parameter m ee lies within the limited ranges. Numerically they are 0.001 eV ≤ m ee ≤ 0.05 eV NH (46) 0.02 eV ≤ m ee ≤ 0.05 eV IH. (47) Note that in our model the parameter m ee is bounded from below even in the case of normal hierarchy. These values [202] and GERDA "phase-II" [203, 204] experiments, respectively. The vertical blue, magenta, orange and gray lines are the upper bounds on the lightest neutrino mass from the combination of Cosmic Microwave Background (CMB) radiation and Baryon acoustic oscillations (BAO) data [205] , Cosmic Microwave Background (CMB) radiation as well as lensing observations [206] , Wilkinson Microwave Anisotropy Probe (WMAP) Observations [207] and Katrin experiment [208] , respectively. The black curve corresponds to the predictions of our model.
are within the declared reach of the next-generation bolometric CUORE experiment [200] or, more realistically, of the next-to-next-generation ton-scale 0νββ-decay experiments (for a recent review see for instance Ref. [201] ). The currently most stringent experimental upper bound m ee ≤ 160 meV is set by T 0νββ 1/2 ( 136 Xe) ≥ 1.1 × 10 26 yr at 90% C.L. from the KamLAND-Zen experiment [202] . Finally, let us briefly comment on the lepton flavor violating process, µ → e γ, which may be phenomenologically dangerous for the models with the SM triplet scalars [215] [216] [217] [218] . Our model is this very case: it has the triplet ∆ with the decomposition shown in Eq. (4). The contribution of the singly ∆ + and doubly ∆ ++ charged scalars to the branching ratio (BR) of this process was found in Ref. [214] . In our model this contribution can be written in the form
where V is the PMNS mixing matrix. We assumed for simplicity m ∆ + = m ∆ ++ for the masses of the singly and doubly charged scalars. Note that the PMNS matrix elements, depending in our model only on θ ν and θ l parameters, have already been fixed numerically (39) 
for the range of the parameters: 0 m 1 0.2 eV for NH and 0 m 3 0.1 eV for IH as well as 80 Gev < m ++ ∆ GeV and v ∆ < 5 GeV. The latter upper bound comes from the precision measurements of the SM ρ-parameter. The lower limit for the mass of the singly and doubly charged Higges m ++ ∆ derives from various low and high energy data [186] . The current experimental bound BR(µ → e γ) < 4.2 × 10 −13 [186] is significantly weaker than the model prediction (49) . Therefore, the model easily passes this phenomenological test.
V. CONCLUSIONS
We constructed a multiscalar singlet extension of the singlet-triplet Higgs model, which explains the observed pattern of the quark and lepton masses and mixing by imposed symmetries and the field content. The model incorporates the ∆ (27) family symmetry, which is supplemented by the Z 16 × Z 24 discrete group. The observed hierarchy of SM charged fermion masses and mixing angles comes from the breaking of the ∆ (27) × Z 16 × Z 24 discrete group at a very high energy-scale. The light active neutrino masses arise from a type-II seesaw mechanism mediated by the neutral component of the SU (2) L scalar triplet. The obtained physical observables for both quark and lepton sectors are compatible with their experimental values. In the quark sector, there is a particular scenario inspired by naturalness arguments, which allowed us to reduce the number of the model parameters from ten to four. Even in this restricted scenario the model was able to accurately fit the ten observables of the SM quark sector. Moreover we found in the model a natural benchmark scenario with just two free parameters allowing reasonably reproduce the experimental values of these ten observables. The model is also successful in the neutrino sector, reproducing the mixing angles within 2 and 3σ of their most recent experimental values. The inverted hierarchy is slightly favored by the model. The model predicts the effective Majorana neutrino mass parameter of neutrinoless double beta decay in the range 0.001(0.02) eV m ee 0.05 eV for the normal (inverted) neutrino spectrum. We found the Jarlskog invariant and leptonic Dirac CP violating phase in the ranges −3.0 × 10 −2 J CP −2.40 × 10 −2 and 230 • δ CP 236 • both for normal and inverted neutrino mass spectrum. In principle, we can also accommodate dark matter, adding to our model two complex scalar singlets, Φ 1 and Φ 2 with lepton number L = 1, as was done in Ref. [184] . In this work, we do not pretend to address the dark matter problem, which is beyond the scope of this paper and will be addressed elsewhere.
The ∆(27) discrete group is a subgroup of SU (3) with 27 elements divided into 11 conjugacy classes. Then the ∆(27) discrete group contains the following 11 irreducible representations: two triplets, i.e., 3 [0] [1] (which we denote by 3) and its conjugate 3 [0] [2] (which we denote by 3) and 9 singlets, i.e., 1 k,l (k, l = 0, 1, 2), where k and l correspond to the Z 3 and Z 3 charges, respectively [9] . The ∆(27) discrete group, which is a simple group of the type ∆(3n 2 ) with n = 3, is isomorphic to the semi-direct product group (Z 3 × Z 3 ) Z 3 [9] . It is worth mentioning that the simplest group of the type ∆(3n 2 ) is ∆(3) ≡ Z 3 . The next group is ∆ (12) , which is isomorphic to A 4 . Consequently the ∆(27) discrete group is the simplest nontrivial group of the type ∆(3n 2 ). Any element of the ∆(27) discrete group can be expressed as b k a m a n , being b, a and a the generators of the Z 3 , Z 3 and Z 3 cyclic groups, respectively. These generators fulfill the relations: a 3 = a 3 = b 3 = 1, aa = a a, bab −1 = a −1 a −1 , ba b −1 = a,
The characters of the ∆(27) discrete group are shown in Table VI . Here n is the number of elements, h is the order of each element, and ω = e 3 ω 2r+sp 0 0 ω 3 = 1. The conjugacy classes of ∆(27) are given by:
1 :
{a, a 2 }, h = 3, C 
The multiplication rules between ∆(27) singlets and ∆ (27) triplets are given by [9] :   
x (1,−1) x (0,1) x .
(A6)
The tensor products of ∆(27) singlets 1 k, and 1 k , take the form [9]:
1 k, ⊗ 1 k , = 1 k+k mod 3, + mod 3 .
(A7)
